It is well known that string theory generates the idea of higher dimensional spacetime instead of the (3+1) dimensions, in which we seem to live. It indicates that the extra space dimensions may remain curled up into very small space. In this paper, we study quantum mechanical scattering in presence of extra compact space dimension, in the hope of devising a method to get a clue to the presence of extra space dimension. We consider a simplified model of scattering, in which a beam of free particles is scattered due to a one dimensional Dirac-delta potential in presence of an extra compact space dimension. We find that the incident, reflected and transmitted probability current densities of the particles contain the information of the extra dimension. Thus, by measuring experimentally the reflected and transmitted probability current densities of the particles, we may confirm the presence of extra dimension. We also show that the idea of compactification of the extra dimensions gives rise to the quantization of the energy values of the free particles. So, by measuring the quantized energy values of the scattered free particles, we may again confirm the presence of extra dimensions. We also discuss briefly, how the extra compact space dimensions can be detected if the scattering process is performed in (9+1) dimensions, in which six space dimensions are compact. *
Introduction
String theory, which is an excellant candidate for a unified theory of all forces in nature, generates the idea of (9+1) dimensional spacetime instead of (3+1) dimensions [1] , [2] . It suggests that the extra six space dimensions may remain curled up into very small space. The question then arises is, whether it is possible to detect those extra compact dimensions or not, and if possible, then how. In this paper, we study quantum mechanical scattering in presence of extra compact space dimension and try to propose the method of getting a clue to the presence of extra space dimension. We study the quantum mechanical scattering of free particles due to a one dimensional Dirac-delta potential in presence of an extra compact space dimension. We take the delta potential along z-direction and take the y-dimension to be curled up into a small circle of radius R. The resulting space is a cylinder of radius R and of infinite length along the z-direction. We consider a beam of free particles moving along the positive z-axis and incident on the delta potential at z = 0. We find that the incident, reflected and transmitted probability currents of the particles depend upon the extra compact dimension. Thus, by measuring experimentally the reflected and transmitted probability currents of the particles, we may get a clue to the presence of extra dimension. We also show that, the idea of compactification of the extra dimension leads to the quantized energy values of the free particles and thus, by measuring the quantized energy values of the scattered particles, we may confirm the presence of extra dimension.
In section 2 we present our study on quantum mechanical scattering of free particles in one dimension in presence of an extra compact space dimension, in section 3 we predict the results of scattering experiments done in (9+1) dimensions in which six space dimensions are compact, and in section 4 we present the summary and conclusion.
2 Quantum mechanical scattering due to a one dimensional Dirac-delta potential in presence of an extra compact dimension
We consider a Dirac-delta potential λδ(z), of strength λ, along the z-axis in presence of an extra compact dimension. The extra dimension that we take here is along the y-direction. We assume that the y-direction is curled up into a small circle of radius R. Therefore, the resulting space is a cylinder of radius R and infinite length along the z-direction. The delta potential divides the z-axis into two regions, one on the left side of the delta potential, which is named as region I and the other on the right side of the delta potential, which is named as region II. We consider a beam of free particles each of mass m and energy E moving along positive z-axis in region I and incident on the delta potential at z = 0. If the wave function of a particle in region I is ψ I (y, z), the time independent Schrödinger equation for the particle in region I is
Since the particles here are moving on the surface of a cylinder, it is convenient to use cylindrical coordinates to solve Eq. (1). The rectangular cartesian coordinates (x, y, z) are related to the cylindrical coordinates (ρ, φ, z) as x = ρ cos φ, y = ρ sin φ and z = z.
Since the particles are confined on the surface of a cylinder of radius R here, hence, Eq. (1) in cylindrical coordinates reduces to
We use the method of separation of variables, and take
Using this in Eq. (2), we get
Both sides of the above equation must be a constant and let the constant be
Using this in Eq. (5), we get the solution of the equation as
Similarly, solving the time independent Schrödinger equation for the particle in region II, we obtain
Since, there is no leftward moving particle in region II, the constant
The φ-part of the Schrödinger equation in region I is
we obtain the solution of Eq. (10) as
where F 1 and G 1 are constants. Since, φ and φ + 2π are the same points we must have
Therefore,
This condition yields
where n is an integer. Therefore,
Therefore, the total wave function of the particle in region I is
Now, since the delta potential has no dependence on φ (in cartesian coordinates it is independent of y), the φ-part of the wave function in region II should be same as that in region I. So,
Therefore, the total wave function of the particle in region II is
Now the boundary conditions on the wave functions are
and
Using the boundary condition, that is, Eq. (20) on ψ I (φ, z) and ψ II (φ, z), we obtain
The condition of discontinuity of the first derivative of the wave functions at z = 0, that is, Eq. (21) produces,
Solving Eqs. (22) and (23), we obtain
We now proceed to calculate the incident, reflected and transmitted probability current densities.These are respectively,
From Eqs. (17) and (19), we see that
Using Eqs. (26) and (29), we obtain
Similarly, using Eqs. (27) and (30), we get
In the same fashion, using Eqs. (28) and (31), we get
Thus, we observe that the incident, reflected and transmitted probability current densities depend on φ, that is on extra dimension. We also observe that − → J i , − → J r and − → J t are real quantities. Now, using Eqs. (32), (33) and (34), we obtain the reflection and transmission coefficients as
respectively. We observe that R 1 + T 1 = 1, as it should be, proving the conservation of the total number of particles. We now concentrate on Eqs. (11) and (15). Combining the two equations, we get
Using Eqs. (6) and (37), we obtain
We see from the above equation that the first term on the right hand side is like the energy of a particle in absence of any extra compact dimension. Due to the presence of the second term on the right hand side of the above equation, we see that the energy values of the free particles are modified and this modification is due to the presence of the extra compact dimension. Now, we see that since, n is an integer, the second term on the right hand side has quantized values. Thus, due to the presence of an extra compact dimension, the energy values of a free particle are quantized. The origin of this quantization is the periodicity condition, that is Eq. (13), which must be satisfied by the φ-part of the wave function of the particle. We see that if R is very small the second term on the right hand side of the above equation has very large value. Thus, if the extra dimension is compactified into a very small space, the modified part of the energy values of the free particle lies on a very high energy scale. The interesting fact is that the energy values of the free particles are quantized due to the presence of the extra compact space dimension. After gathering experience by analysing the quantum mechanical scattering process in (2+1) dimensions, where one of the space dimensions is compactified, we now proceed to guess the possible outcome of the scattering process performed in (9+1) dimensional spacetime, in which six space dimensions are compact.
3 Prediction of the results of scattering experiment performed in (9+1) dimensions, in which six space dimensions are compact
From the above analysis of the scattering process performed in (2+1) dimensional spacetime, where one of the space dimensions is compact, we may guess some important results, regarding the scattering process performed in (9+1) dimensional spacetime, in which six space dimensions are compact.
We may guess that in such scattering process, the probability current densities of the scattered particles will depend upon the coordinates along the six extra compact space dimensions. Thus, by measuring the probability current densities of the scattered particles, we may confirm the presence of extra dimensions.
We have also seen from the calculations performed in the previous section, that the energy values of the scattered particles are quantized in presence of an extra compact dimension. From Eq. (38), we see that the single extra compact space dimension adds the extra term n 2h2 2mR 2 , which has quantized values. Therefore, we can guess that if scattering experiment is performed in (9+1) dimensions, in which six space dimensions are compact we will obtain six more terms, added to the energy value of the particle in (3+1) dimensions, corresponding to the six extra compact dimensions. These six extra terms will have quantized values, because the wave function of a particle must satisfy the periodicity conditions like Eq. (13), along the respective extra compact diemnsions. All these extra terms will become prominent in the ultra-high energy scale. Therefore, in the high energy scattering experiments, if we observe quantized energy values of the scattered particles, we may confirm that this is due to the presence of extra compact space dimensions. This is another way of detecting the presence of extra compact space dimensions.
Summary and conclusion
We investigated the quantum mechanical scattering of free particles due to a one dimensional Dirac-delta potential in presence of an extra compact dimension. We found that the incident, reflected and transmitted probability current densities of the particles depend on the extra dimension. Thus, by measuring experimentally the reflected and transmitted probability currents of the particles, we may get a clue to the presence of extra dimension. We have also discussed that in (9+1) dimensions, in which six space dimensions are compact, the probability current densities of the scattered particles will depend on the coordinates along the six extra dimensions. Thus, by analysing the probability current densities of the scattered particles in (9+1) diemnsions, we may confirm the presence of extra space dimensions.
We have also seen that the presence of a single extra compact space dimension gives rise to the quantized energy values of the scattered particles. Thus, by measuring the quantized energy values of the scattered particles we may confirm the presence of the extra space dimension. We have also discussed that, in case of scattering process performed in (9+1) dimensions, in which six space dimensions are compact the energy values of the particles will get modified due to the addition of six extra quantized terms. So, by observing the quantized energy values of the scattered particles in (9+1) dimensions, we may confirm the presence of extra compact space dimensions.
We hope that our study on this simple model of scattering in presence of extra compact dimensions may bring some new insights into the method of experimental verification of extra compact space dimensions, which are predicted by string theory.
